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Abstract. We propose a dynamic structure of coupled dynamic molecular strings for supercooled 
small polar molecule liquids and accordingly we obtain the Hamiltonian of the rotational degrees of 
freedom of the system. From the Hamiltonian, the strongly correlated supercooled polar liquid state 
is renormalized to a normal superdipole (SD) liquid state. This scenario describes the following 
main features of the primary or α-relaxation dynamics in supercooled polar liquids: (1) the average 
relaxation time evolves from a high temperature Arrhenius to a low temperature non-Arrhenius or 
super-Arrhenius behavior; (2) the relaxation function crosses over from the high temperature 
exponential to low temperature non-exponential form; and (3) the temperature dependence of the 
relaxation strength shows non-Curie features. According to the present model, the crossover 
phenomena of the first two characteristics arise from the transition between the superdipole gas and 
the superdipole liquid. The model predictions are quantitatively compared with the experimental 
results of glycerol, a typical glass-former.  
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I. INTRODUCTION 
Although the comprehensive understanding of the glass transition still remains a notorious 
unresolved problem in condensed matter physics and materials science [1-12], a fruitful and 
enlightening progress from both experimental and theoretical points of view has already been 
accomplished summarized in some reviews and special books [2,3,6,11]. 
The predominant issue regarding the glass transition is the description of the α-relaxation 
dynamics of the supercooled liquid state whose freezing leads to the thermodynamic glass transition 
[2-3,6,8, 10-12]. A great deal of experiments relevant to the α-relaxation show that [2,3,6,11]: (1) 
during vitrification the temperature dependence of the average relaxation time ατ  evolves from 
high temperature Arrhenius to low temperature non-Arrhenius (super-Arrhenius) behavior which 
can successfully be described by the empirical Vogel-Fulcher equation [13]; (2) the relaxation 
function changes from high temperature exponential to low temperature non-exponential form 
described by the Kohlrausch-Williams-Watts empirical equation [14], or the Cole-Davidson 
equation [15] in the case of low molecular weight glass formers; and (3) the temperature 
dependence of the relaxation strength shows non-Curie features so it can approximately be fitted by 
the Curie-Weiss equation proposed by Chamberlin [16], named Currie-Weiss-Chamberlin equation 
hereafter. Moreover, it looks like some internal relations between the three characteristics indicated 
above exist [17]. All these features obviously deviate from the conventional relaxation theory of 
normal liquids, the well-known Debye theory [18], since according to this theory the relaxation time, 
the relaxation function and the relaxation strength should obey the Arrhenius relation, the 
exponential function and Curie law, respectively. 
 Some prevalent and enlightening theories related with the dynamic glass transition have 
already been reported. Among them, the Adam-Gibbs theory of cooperatively rearranging regions 
[19], the Cohen-Grest free-volume theory for percolation of solid clusters in a liquid matrix [20], 
the Ngais’ coupling model [21], the Götzes’ mode-coupling theory [22], the Kiveslsons’ FLD model 
[23], the Chamberlin’s mesoscopic mean-field theory [24], and Garrahan-Chandler coarse-grained 
microscopic model [12], etc. [25], stand out. However, it cannot be denied the existence of 
questionable and/or considerable points in these models or theories, which need to be clarified 
[2-3,11-17, 19-25]. 
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 The study of relaxation phenomena by broadband dielectric spectroscopy over a wide 
temperature range provides important insights into the mechanisms of the α-relaxation dynamics 
[11]. This technique is useful to investigate the relaxation phenomena of supercooled liquids, such 
as glycerol, a typical relatively simple glass-former [3] compared with polymers and other complex 
systems [26]. From a theoretical point of view, the conventional dielectric relaxation theory or 
Debye theory [18] provides a good start to study the relaxation behavior of the supercooled liquid 
state. In this paper, we model the three abnormalities of the dielectric relaxation of low molecular 
weight polar liquids mentioned above, and the organization of the paper is as follows. In Sec. II, we 
propose a dynamic structure of coupled dynamic molecular strings for supercooled polar liquids 
formed by small molecules, and based upon the structure we obtain a reduced Hamiltonian of the 
rotational degrees of freedom of the system. Sec. III contains solutions of the Hamiltonian and the 
results of the model. In Sec. IV we compare the theoretical predictions with experiments and 
discuss further the results of the model.  
II. MODEL 
For a polar liquid of small rigid molecules, the Hamiltonian of the system can formally be 
expressed as ),( 11 LL kkH φrφ,r , where kr  and kφ  are the translational and rotational 
coordinates of the kth molecule, respectively [25]. In dielectric measurements, the external applied 
electric field directly couples to the rotational degrees of freedom of the molecules, but not to the 
translational movement, only induced by the rotational motion [11,18]. Specifically, the applied 
field induces orientational ordering of the molecules and this latter phenomenon further induces the 
translational ordering of the system, so that the latter ordering is a secondary effect of the former. In 
fact, an induced translational ordering is the well-known converse piezoelectric effect [18,27] or 
electrostriction effect [18,28]. In general, translational ordering is very small in the linear dielectric 
response regime of normal liquids, supercooled liquids and glasses. Consequently, as a first order 
approximation, the secondary induced translational movements of molecules can be neglected when 
we focus on the linear dielectric response of a glass-former like the Debye relaxation theory does 
[18].  
In the study of the relaxation phenomena of normal liquids using the Debye theory, the induced 
secondary translational movements of molecules are omitted. Moreover, as an individual-particle 
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mean-field approach, the complicated interaction between the rotational motions of a molecule and  
its neighbors is reduced to a double-well potential in which the dipole reorientates [18]. In this 
sense, the Hamiltonian of the system can be expressed as { }∑
=
−−= T
N
k
kk
VH
1
00
0 )](2cos[12
φφ , where 
00 >V  is the activation barrier energy between the two wells, TN  is the total number of molecules 
and kφ  ( πφ <≤ k0 ) is the rotational angle of the kth dipole in the system. The isotropy of the 
system renders 0kφ  a uniform distributed quantity in the range ],0[ π  [18]. The theory, which 
ignores the inter-dipole residual-rotational-correlation (RRC) of the individual-particle mean-field 
reduction, has achieved a great success in the description of the high temperature normal liquid state 
where molecules rotate so rapidly that approach the mean-field conditions quite well. This means 
that the RRC is small enough to be neglected. In supercooled liquids, where the rotational motions 
become slow, the RRC increases and therefore the dielectric relaxation dynamics of the supercooled 
liquid state is modified by the RRC. 
The conventional individual-particle mean-field liquid theories, such as the cell model [29] and 
the hole model [30] as well as the significant structure theory [31], in which only the translational 
degrees of freedom are considered, present a successful description of the thermodynamics of the 
normal liquid state. However, an important recent finding, beyond the conventional liquid theories, 
is the existence of quasi-one-dimensional string-like cooperative molecular motions (molecular 
strings) widely observed in glass formers by well-designed experiments [32-33], analog simulations 
[34] and molecular dynamics simulations [35]. Additionally, there exists coupling between the 
strings [35]. From a thermodynamic point of view, the increase of viscosity with decreasing 
temperature leads to the suppression of Brownian motions and consequently, the decrease of the 
entropy of the system [20,30,36]. If the molecules move in a snakelike manner, i.e. one tagging 
after another, the interaction within the string will effectively reduce the internal energy of the 
system compared with the normal liquid state. On the other hand, snakelike motions confer these 
molecules the possibility of reaching more configurations, thus increasing the entropy of the system. 
Hence, it seems possible that translational snakelike movements could be another basic molecular 
motion manner in the supercooled state beyond the individual-molecule motions of the conventional 
mean-field liquid theories [29-31]. However, the physics behind this kind of motions is not clear yet. 
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In fact, Glotzer pertinently thinks that it is intriguing to consider the possibility that the strings may 
be the elementary cooperatively rearranging regions predicted by Adam and Gibbs [35]. As a 
general consideration, snakelike motions could be ascribed to the residual-translational-correlation 
between molecules after the individual-particle mean-field reduction of the conventional liquid 
theories [29-31]. 
According to molecular dynamics simulations, only a few percent of particles take the 
quasi-one-dimensional snakelike or string-like motions, the remaining particles intuitively behaving 
as located in a caged way forming domains [35]. It is worth noting that besides the fact that the fast 
particle criterion is more or less relative [35], its dynamics computation time is finite, e.g. it is only 
a few times larger than that of extrapolation of the high temperature Arrhenius relation [35,37]. So, 
another possible alternative scenario is to consider that the slow mobile molecules in the domains 
also move in a snakelike manner, though this scenario is not observed in the simulations because of 
the finite simulation time window [25,35]. In other words, we could think that all molecules move 
in a snakelike manner in the supercooled liquid state, i.e. a full string scenario such as the present 
model to be shown below. Furthermore, owing to the string length distribution and the coupling 
between the strings, there will exist relatively fast and slow mobile strings. For a full string scenario, 
the relaxation time of a string of 60 molecules is at 195 K about 104 times larger than that of an 
adjacent string of 6 molecules for the typical glass former glycerol [3,11]. Therefore, it is expected 
that if the simulation time is the same as the relaxation time of the short string (Arrhenius-like 
relation in Sec. IV), the longer string will not relax in the time scale of the former. Moreover, due to 
the string length distribution as well as the fluctuation of the string distribution in space, it should be 
expected that some short or long strings, locally congregated in space due to the fluctuation, would 
couple forming spatial correlated regions (domains or clusters) in the system. These regions would 
show fractal morphology because of the quasi-one-dimensional characteristic of the congregating 
strings and their random stacking in space [25,32-38]. Therefore, the full string scenario does not 
seem to conflict with the simulations. The simulations in a large time scale and wide temperature 
window, doubtless an outstanding challenge ahead [35,37], would provide a criterion to assess the 
full string scenario and the picture of fast snakelike motion strings and slow mobile molecule 
domains. 
The most basic problem of glass-liquid relaxation phenomena is the dynamic structure of 
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glass-formers because it is the start of further calculations, and microscopic models, such as the 
mesoscopic mean-field theory, etc. [24], always face this problem. If we take the simulation results 
as a criterion, any microscopic model must contain the string-like or snakelike collective motions, 
otherwise it would be a more or less phenomenological model. In this kind of models, we would 
like to discuss two cases. One is the full string scenario of small molecule glass-formers, such as the 
present model to be shown below, in which the basic unit of the structure, i.e. the strings, is similar 
to the macromolecules of polymer glasses [36,39], so that the structure and its fabricating process 
are also similar. It is obvious that a unified picture based upon this scenario can be obtained for 
small molecules and polymer glasses. Another case is the picture containing strings of snakelike fast 
mobile molecules and domains of slow mobile molecules. Obviously, the structure fabrication of 
this picture is more complicated than that of the first one for we need to develop domains with 
certain structures, besides the molecular strings, and stack them appropriately in three-dimensional 
space. Moreover, the α-relaxation and the glass transition phenomena are similar, at least 
qualitatively, for both low molecular weight glasses and polymer glasses [11,26], and it is well 
known that these phenomena are closely related to the segmental motions in the latter materials. 
Therefore, the full string scenario seems to be a reasonable hypothesis. 
 As for the collective motion of dipole rotations arising from the inter-dipole 
residual-rotational-correlation (RRC) of the individual-particle mean-field reduction of the Debye 
theory, recent simulations also show the rotational string-like behavior of molecules [37]. Here we 
propose, besides the individual-dipole mean-field reorientations of the Debye theory, the following 
hypothesis: (1) the reorientation of all dipoles exhibits snakelike behavior and the spatial 
configurations of the orientational strings behave like a self-avoiding (i.e. the excluded volume 
effect) free rotational chain [36,39]; and (2) there is secondary coupling between strings. Physically, 
the Hamiltonian of the system related to the rotational degrees of freedom H  can be expressed as 
the sum of the zero-order Hamiltonian of the mean-field individual-dipole reorientation of the 
Debye theory 0H  [18], the first-order Hamiltonian of the orientational strings of dipoles 1H  and 
the second-order Hamiltonian of the coupling between the strings 2H , i.e. 210 HHHH ++= . 
In the temperature range of the supercooled liquid state [18] 10 >>TVe  (here we use the system 
of units that sets the Boltzmann constant equal 1), most dipoles will be located in one of the 
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double-wells of 0H , thus rendering possible the use 1±=σ  to denote the orientation states of the 
dipoles. Moreover, since the interaction between dipoles related to the rotational degrees of freedom 
is of short range order in structural glasses, only the nearest neighboring interactions need to be 
considered [24]. Then, the model Hamiltonian of the system related to the reorientation of dipoles 
can be written as, 
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where 1H  and 2H  describe the intra- and inter-string interactions, respectively. 1V  and 2V  are 
positive constants independent of temperature. The symbol 1±=mnkσ  denotes the orientation states 
of the kth dipole in a string labeled m with molecular number n in the system (called n-string 
hereafter). )(kNN represents the nearest number of dipoles surrounding dipole k that is determined 
by the average coordination number z, and 'mmklα  is the angle between the dipole k in the n-string 
and the dipole l in the n’-string. 
 1V  in 1H  only describes the connecting ability between two adjacent dipoles in the strings 
(Sec. III-2). Concerning the spatial configuration of the orientational strings, we need another 
parameter, the directional angle of the chain θ [36,39], to describe the self-avoiding free rotational 
chain behavior of the strings mentioned above. It will be shown latter that both the string length 
distribution (Sec. III-2) and the effective coupling between strings (Sec. III-3) are closely related to 
θ. 2V  indicates the coupling strength between strings. One would expect that this coupling, the 
string length distribution and the distribution of strings in space will lead to the formation of spatial 
clusters of coupled strings (Sec. IV).  
According to the hole model [30] and the significant-structure theory [31], there are quite a 
large number of molecular holes in liquids that remind the well-known free-volume theory [20,40]. 
On the other hand, for a string with a finite number of dipoles there are two end dipoles 
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corresponding to the termination of the intra-string correlation. In moving a dipole away from an 
inner string, the two neighboring dipoles to the molecular hole in the string become non-correlated 
(or at least very small correlated) and the single string becomes two strings. Thus, the formation of 
strings may be closely related to the molecular holes in the supercooled liquid state, and owing to 
the random movements of the holes arising from thermal agitation, both the distribution of the 
strings in space and the string length distribution are dynamic quantities. 
There are three issues relevant to the Hamiltonian (Eq.1): (i) intra-string correlation, (ii) 
string-length distribution, and (iii) inter-string correlation. In Sec. III we discuss each of them. 
III. MODEL SOLUTIONS AND RESULTS 
III-1. Intra-string Correlation 
In compliance with the model assumption that the inter-string coupling is secondary compared 
with the intra-string correlation (as shown in Sec. IV, the calculated ratio of the inter- to the 
intra-string coupling strength is much less than one for the typical glass former glycerol), we shall 
ignore in a first stage the secondary inter-string interaction 2H  to obtain the dynamical behavior of 
a string using the perturbation theory. Taking into account the linear response theory [41,42] and the 
Boltzmann principle, the rate equation of n coupled dipoles in an individual n-string can be written 
as (see Appendix I), 
∑
=
−−=
n
l
lkl
TVk Me
dt
d
1
0
0 δνδ                    (2) 
where kδ  is the deviation of the probability from the equilibrium value when the thk  dipole in 
the string is at the state 1=kσ , and nlk ,,1, L= . 12 /2112 1 −== −− TVnn eMM and 
2111 −== ++ kkkk MM  in the case of 1/2 1 >>TVe , a situation that interests us the most in this paper. 
1=kkM  and the other elements are zero. The factor TVe 00 −ν is the transition rate between the 
double-wells and 0ν  is the vibration frequency [18]. 
Using a unitary transformation, the n coupled equations (Eq.2) are converted into n independent 
ones that correspond to n individual relaxation modes. Only the mode with the largest relaxation 
time (called the main mode hereafter) dominates the string relaxation because its relaxation strength 
 9
is far larger than that of the other modes (called secondary modes), the ratio being about n or larger 
(see Appendix I). The average string length (~20 to 70 molecules) is much larger than one in the 
supercooled liquid state (Sec. III-2) and since we are only interested in the α-relaxation, we assume 
that an n-string motion can merely be described by the main mode, which is given by,  
2)1()( )2(10 10 −= +− nen TVVG ντ                       (3) 
The effective electric dipole moment associate with this mode is (see Appendix I), 
bnRn E /)()( µµ =                                (4) 
where Eµ  is the contribution of the molecular permanent dipole moment to the effective dipole 
moment of the main relaxation mode, )(nR  is the end-to-end vector amplitude of the n-string 
[36,39], and b is the average distance between molecules in the string. 
Eqs.2 and 3 show that the relaxation dynamics of an n-string is equivalent to that of an effective 
dipole, named superdipole (SD) hereafter, whose characteristic relaxation time and electric dipole 
moment are )(nGτ  and )(nµ , respectively. An SD has two orientation states, σ =1 and 1−=σ  
(see Appendix I). Relaxation of the SD involves the visit to 2n orientation states of n dipoles in an 
n-string carried out by hopping across local barriers in the energy landscape [6]. 
III-2. String-length Distribution 
 As shown in Appendix II, the probability, ng , that a dipole is located in an n-string is not only 
determined by the intra-string interaction 1H  but also by both the coordination number z and the 
directional angle of the string θ. For 2=z  and 2πθ = , the statistic dynamics methods described 
in Appendix II give the probability ng  for a dipole of the system to belong to an n-string as 
2
0
0 nneg nnn
−= , an expression similar to Flory’s well-known molecular weight distribution 
function [43,44]. Notice that 210
TVen ≡ >>1, provided that the average string length is large 
enough. Based upon the conditional probability theory, we obtain the same result for the string 
length distribution ng . 
 For arbitrary values of z and θ, and also under the condition that the average string length is 
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long enough, ng  becomes the Schulz distribution [43-44] (see Appendix II), 
( ) 0101
nn
z
e
z
n enz
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e
e −
++Γ=                     (5) 
where ( ) θsin1−= zze . In this case, the number average of dipoles in the strings is 
0
1
1
nzngn e
n
n =⎟⎠
⎞⎜⎝
⎛=
−∞
=
∑  [43-44],  where n  corresponds to the maximum value of ng . Eq.5  
becomes the Flory distribution for 2=z  and 2πθ = . 
 Shown in Fig.1a are the calculated results for ng , at different temperatures, plotted as a 
function of n for 0.7=z , 1V =640 K and 9.3πθ = , whereas the corresponding n  vs T plot is 
presented in the inset c of Fig.1a. 
III-3. Inter-string Correlation 
As mentioned in Sec. III-1, each string relaxes as an individual SD so that the system can be 
viewed as an SD gas if the inter-string interaction 2H  is ignored. If the secondary 2H  and the 
random distribution of the SDs in space are considered, the system becomes a normal SD liquid. 
Next, we will use an individual-SD mean-field approach for 2H  in consonance with the Debye 
theory of normal liquids [18]. In other words, the relaxation of the SD liquid is assumed to proceed 
through SD hopping processes in effective double-wells produced by other SDs. The SD dipole 
moment )(nµ  (Eq.3) is not altered but the relaxation time of the SD gas state )(nGτ  (Eq.2) 
changes to the relaxation time of the SD liquid state )(nLτ .  
According to the SD scenario mentioned in Sec. III-1, the values of mnkσ  for all dipoles in a 
given SD are the same, and we use the symbol mmσ  to indicate it. Consequently, 2H  in Eq.1 can 
be rewritten as ∑ ∑ ∑
= ≠
=
m
n
k
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'''2
2 cos2
ασσ . To decrease the inter-string energy 
corresponding to 2H , a given SD will induce local orientational ordering of its surroundings, a 
process that includes the redistribution of the SDs at mnσ =1 and –1 states and the change of 'mmklα  
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(Eq.1) corresponding to the variation of the spatial configurations of the strings. On the other hand, 
the stiffness or rigidity of the strings which prevents such a tendency is described by the persistence 
length na , where ( ) 21+= nn Cba  and nC  is the characteristic ratio of the n-string [36,39]. 
Because we are only interested in the SD relaxation, i.e. the redistribution of an SD at mnσ =1 and 
–1 states, let p be the probability of an SD at the state mnσ =1. Then 12 −≡ pη  is the local 
order-parameter of the SD liquid.  
According to the physical meaning of the persistence length na  [36,39], the rotations of 
dipoles in a part of a given n-string, shorter than na , are strongly correlated. So, the n dipoles in an 
SD can physically be divided into n* sets of dipoles ( nanbn =* ) with βn  dipoles in each set 
( bannn n== *β ), in such a way that the rotations of different sets are uncorrelated though the 
rotations of the dipoles in each set are correlated. Thus, 2H  can be rewritten as 
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[45] we make the following Weiss effective-internal-field average: 
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where η  and αC  are average quantities related to ''nmlσ  and 'cos mmklα , respectively, and 
O><L  denotes the average over all the reorientation configurations of the nearest neighbors of the 
βn  dipoles in each set. Then ∑−≈
m
mnVnH ησ22 * , where αCVV 22 = . According to the Weiss 
mean-field theory [45], the contribution of the inter-SD mean-field 2H  to the free energy of an SD 
is, 
( )TV
VnU n
2
2
2
tanh
2*
ηη
η
=
−=
                           (6) 
This equation indicates that nU  diminishes with increasing *n , that is, with the decrease of the 
persistence length na . Physically, it should be expected that the stiffer the strings are, the more 
difficult for them is to change their spatial configurations to lower the inter-string energies [36,39], 
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which is consistent with Eq.6. This equation also suggests the existence of a transition temperature 
COT  and 2VTCO = . Above COT , 0=nU  indicates that thermal agitation impede any net 
correlation between the SDs, a situation that corresponds to the SD gas state. Below COT , 0<nU  
means that there is a net correlation between the SDs and this behavior corresponds to the SD liquid 
state. In other words, with decreasing temperature a transition from the SD gas to the SD liquid 
occurs. We would like to point out that both the string length distribution and the spatial distribution 
of the strings, all neglected in the mean-field approach discussed above, lead to the strong 
dispersion of the transition phenomena. Moreover, this kind of inter-SD correlation is a cooperative 
effect superimposed upon both the zero-order individual-dipole reorientation of the Debye theory 
and the first-order snakelike motions, so it should be a relatively weak effect. As a result, the 
mean-field transition temperature and transition phenomenon become, respectively, a crossover 
temperature COT  and a weak crossover phenomenon. For its reorientation, an SD needs to 
overcome the inter-SD energy (Eq.6) or effective barrier height of the effective double-well. The 
energy for an SD to hop between 1=σ  and 1−=σ  states is equal to nU2− , where the factor 2 
arises from the energy increase of both the SD and its surroundings [18]. 
As mentioned above, the effect of the string length distribution ng  of the SDs on nU  is not 
considered in the mean-field method. Generally, the relaxation of an SD always corresponds to a 
dissipation process arising from the distribution fluctuation of the SD at different orientational 
states caused by thermal agitation, and this time dependent fluctuation leads to variation of the 
interaction between SDs with time. Specifically, for an SD with short relaxation time, the strong 
thermal fluctuation of the SD orientational distribution decreases its effective interaction with its 
surroundings, and vice versa [2,18,41-42]. Thus, the modified factor of the effective activation 
barrier produced by a 'n -string on its neighboring n-string can be expressed as 
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−− −=∫ . Taking into account ng , the effective activation 
barrier height of an SD, )(nVE , and the relaxation time )(nLτ  of the SD liquid state are given by 
the following self-consistent equations,  
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A calculation method of these equations is given in Appendix III, and the calculated results are 
shown in Fig.1b and its inset. 
III-4. Model Results  
The results of the model show : (1) a polar supercooled liquid is renormalized to a superdipole 
(SD) normal liquid; (2) the number distribution of the SDs is ∑∞
=
=
1n
nn
n n
g
n
gh  (see Appendix II 
and Eq.5), the SD number density in the system being ∑∞
=
=
1n
nS nhNN , where N is the molecular 
dipole density of the system; and (3) the relaxation time and the effective dipole moment of an SD 
are )(nLτ  (Eq.7) and )(nµ  (Eq.4), respectively. By using the same calculation method of the 
Debye theory [18,41-42], the angular frequency (ω) dependent complex dielectric susceptibility of 
the system is given by, 
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IV. COMPARISON WITH EXPERIMENTS AND DISCUSSION 
The results of the model for the α-relaxation of glycerol [11], a typical glass-former polar 
liquid [3], are shown, in conjunction with the pertinent experimental results [11], in Figs.2 to 3. The 
parameters used for the model were:  2ENµ =3330 K, 4.150 10=ν  Hz, 0V =2250 K, 0.7=z , 
1V =640 K, 9.3πθ = , and 2V =297 K. The model predicts: i) with decreasing temperature, the 
average relaxation time aτ  (corresponding to the maximum value of the α-peak) evolves from a 
high temperature Arrhenius to a low temperature non-Arrhenius (super-Arrhenius) behavior (inset c 
of Fig.2); ii) the relaxation function crosses over from near exponential to non-exponential 
(stretched-exponential) response (Figs.2 and 3); and iii) the relaxation strength shows non-Curie 
features (inset d of Fig.2).  
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The first characteristic is related to the crossover from the SD gas to the SD liquid. For 
COTT > , aτ  is determined by )(nGτ  (Eqs.3, 6 and 7), which shows Arrhenius behavior (inset c of 
Fig.2). On the other hand, for COTT < , )(nGτ  changes to )(nLτ  due to the net correlation 
between the SDs (Eqs.6 and 7), which results in a non-Arrhenius or super-Arrhenius behavior. For  
comparative purposes, the fitting of the Vogel-Fulcher law [13] to experiments is also shown in the 
inset c of Fig.2, where a clear deviation of the fitting curve from experimental data at high 
temperatures can be observed [11]. We would like to point out that the crossover mechanism from 
high temperature Arrhenius to low temperature Super-Arrhenius behavior is not clear [11]. 
According to Angell et al., the crossover temperature is that one below which the potential energy 
landscape in the configuration space becomes important [46]. Kim et al. have shown that the 
crossover temperature could be identified by the first appearance of rotational heterogeneity [47]. 
The present model presents an alternative interpretation and its relation with the above two pictures 
needs further study.  
For COTT > , aτ  is also determined by )(nGτ  (Eq.3), a parameter weakly dependent on the 
string length n (inset a of Fig.3), so that the relaxation function is characterized by a nearly 
exponential function (Fig.1b and Fig.2b). However, for COTT < , )(nGτ , which shows a weak 
linear dependence on n,  becomes )(nLτ . Thus this parameter crosses over from a small n 
approximate exponential dependence TUL nen
−~)(τ  for nn <  to a large n approximate power 
law when nn >  (Figs.1b). Since )(nLτ  corresponds to the maximum value of the dielectric loss 
)(" ωχ , the small n approximate exponential dependence of )(nLτ  broadens the high frequency 
side of )(" ωχ  more than the large n approximate power law does to the low frequency side of 
)(" ωχ  (Eq.8). As a result, the calculated α-peak shows asymmetric features in the frequency 
domain that render the relaxation function a stretched-exponential in the time domain. Moreover, 
the small n approximate exponential dependence of )(nLτ  enlarges with decreasing temperature 
while the large n approximate power law changes little (Fig.1b), so that the broadening of )(" ωχ  
peak mainly comes from the high frequency side. This conclusion is consistent with the detailed 
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experimental results of Ref.11 shown in Fig.7. Comparisons of our results with the fittings of the 
empirical Cole-Davidson (CD) law [15] and the Kohlrausch-Williams-Watts (KWW) law [14] to 
the experimental results of glycerol, at =T 195 K, are also shown in Fig.3.  
The CD, KWW and the present model fittings clearly deviate from the experiments at the high 
frequency side of the α-peak, and this deviation is known as the excess wing [11,48] (see Figure 3). 
Although the relaxation strength of the excess wing is about 10 to 100 times smaller than that of the 
α-peak (Fig.3), it is believed that an explanation of such a wing will contribute to the understanding 
of the α-relaxation mechanism. For example, Lunkenheimer et al. have commented in this regard 
that no commonly accepted explanation for this phenomenon exists, thus remaining one of the great 
mysteries in the properties of glass-forming materials [11]. 
As mentioned in the Sec. III-1, an n-string in the frame of the present model has n individual 
relaxation modes. However, we only focus on the main mode that has both the longest relaxation 
time and largest relaxation strength, compared with the secondary modes, features that lead to the 
superdipole scenario. The calculations of Appendix II permit to emphasize: (1) the n-1 fast 
relaxation modes omitted in the superdipole scenario appear at the high frequency side of the 
α-peak; (2) the fast modes provide a wider spectrum compared with the α-peak because of their 
relaxation time distribution; and (3) the contributing relaxation strength is about n1  times smaller 
than that of the α-relaxation; for example, from the fitting parameters of the relaxation of glycerol it 
is obtained n =57 at T=195K . These results are comparable with the characteristics of the excess 
wing, and we think that the fast relaxation modes of the strings presumably cause the excess wing.  
Moreover, with increasing temperature it is expected that the relaxation times associated with the 
main mode and the secondary modes differ little (see Appendix II), the average string length is 
shorter and, consequently, the contribution of the fast modes to the spectra becomes important. This 
interpretation leads to conclude that the excess wing and the α-peak gradually overlap forming a 
single relaxation peak at temperature high enough. Therefore the predictions of the superdipole 
scenario for the α-peak at high temperatures may differ significantly from the experiments, as the 
data plotted in Figs.2a and 2b show. 
The α-relaxation strength can be obtained from Eq.8 as 5/1
1
2
0
0 3
nCg
T
N
n
nn∑∞
=
∞ =−≡∆ µεεε , 
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where 0ε  and ∞ε  are the permittivities at the low and the high frequency limits, respectively. As 
shown in the inset d of Fig.2, the increase of the string length with decreasing temperature (inset c 
of Fig.1a) contributes to the deviation of the relaxation strength from the classical Curie law of the 
Debye theory. The fittings of the Curie-Weiss-Chamberlin (CWC) law [16] and the Onsager theory 
to the experiments are also shown in the inset d of Fig.2. 
As mentioned above, the present 7-parameter model gives a quantitative description of the 
experimental results. By comparative purposes, we will discuss the number of parameters involved 
in fitting experimental data in the temperature-frequency domain by means of some successful 
empirical laws [13-16].  Fitting the temperature dependence of the average relaxation time (inset c 
of Fig.2) involves the Vogel-Fulcher law [13] and the Arrhenius relation for which 5 fitting 
parameters are needed. To fit the relaxation function at different temperatures using the 
Cole-Davidson [15] or the Kohlrausch-Williams-Watts equations [14], a parameter β dependent on 
temperature is needed, as well at least three temperature independent parameters; among these three 
latter parameters, one corresponds to the high temperature plateau value and two to the crossover 
point and the crossover gradient of the β value at low temperatures, as shown in Fig.7 of Ref.11. As 
for the temperature dependence of the relaxation strength, the 2-parameter 
Currie-Weiss-Chamberlin law [16] does not give a good enough description of the experimental 
data (inset d of Fig.2) so at least one more parameter is needed to refine the fitting. As a result, the 
above empirical laws need eleven parameters to fit the experimental data, some of them with 
unclear physical meaning, four more parameters than the present model. In fact, a self-contained 
description of the relaxation spectra of the supercooled liquid state in both temperature and 
frequency domains is equivalent to that of three temperature-dependent quantities, i.e. the average 
relaxation time and the spectrum width as well as the relaxation strength. The different physical 
origins of these quantities indicate that we need three sets of temperature independent parameters to 
describe their complicated temperature dependence, so from a theoretical point of view the seven 
model parameters of the present scenario looks very reasonable. 
As another comparison with our model, let us discuss the number of parameters of the 
mesoscopic mean-field theory that till now gives the most successful description of the α-relaxation 
in temperature-frequency domains [24]. In this model, there is a temperature dependent parameter 
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governing the width and the shape of the response, so from a theoretical point of view the theory is 
not self-contained. If this parameter can be expressed by at least two temperature independent 
parameters, the total number of parameters in this theory is also seven, the same as in our model. 
In what follows, we would like to discuss a little more the parameters of our model: 2ENµ , 0ν , 
0V , z, 1V , θ  and 2V  (or 2V ). The first three parameters are the same as those of the Debye 
theory [18]. During the fitting process, 0ν  is determined from the intersection of the high 
temperature linear extrapolation of the aτ  experimental data with the vertical axis (inset c of Fig.2). 
From a microscopic point of view, 0ν  is the number of times per time unit the thermal agitation of 
the vibrational modes forces a dipole to overcome the energy barrier. Specifically, the single-dipole 
process corresponds to the large wave-vector limit of the vibrational modes, homologous to the high 
frequency limit of the vibrational spectrum, so the corresponding 0ν  should be of such a frequency. 
The fitting value 0ν  (=1015.4 Hz) is in a reasonable error range compared with the scattering 
experiments [49]. The coordination number z does not appear in the Debye theory [18], and in fact 
it is a criterion between an individual-particle mean-field theory and the many-body interaction 
theory, such as the Chamberlin mesoscopic mean-field theory [24]. In decreasing z, the width of ng  
increases (Eq.5) and consequently the α-peak broadens (Eqs.7 and 8). The fitting value of z (=7) is 
somewhat smaller than that of the random close-packed structure of spheres, but it looks acceptable 
if the nonspherical characteristic of the glycerol molecules and the influence of the hydrogen bonds 
are considered [49]. The directional angle of the string, θ, not only determines the effective dipole 
moment of an SD (Eq.4), but also affects the string length distribution (Eq.5) and the Angell 
fragility factor m [50] (Eqs.6 and 7). Specifically, with decreasing θ the average string length and 
the fragility factor become shorter and smaller, respectively. So, the crossover from fragile to strong 
glass corresponds to the decrease of θ, i.e. increase of the string stiffness in the frame of our model. 
Glycerol is a typical glass-former between the fragile and strong limit [3,11,50], so the fitting value 
of θ (= 9.3π ) seems to be reasonable. 
The fitting values obtained were: 0V  = 2250 K = 0.19 eV, 1V  = 640 K = 0.055 eV, and 2V  = 
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297 K = 0.026 eV. These results indicate that the inter- to intra-string interaction ratio (the topologic 
anisotropy of the residual-rotational-correlation (RRC) between adjacent dipoles) is 12 2/ VV =0.23, 
in agreement with the assumption of our model according to which the inter-string correlation 
compared with the intra-string interaction is secondary (Sec. II). Moreover, the fact that 
01 VV =0.24, leads the model to the Debye theory at high temperature. The interactions between 
molecules of glycerol arise from hydrogen bonding and van der Waals forces, whose values are 
about 0.25 eV and 0.1 eV, respectively [45,49]. Therefore the fitting values of 0V , 1V  and 2V  
indicated above lie in acceptable ranges. 
Fig.1b shows that the difference between the logarithms of the relaxation times of two adjacent 
strings of glycerol of lengths 60 and 6 is about 4, at 195K. It is expected that if the molecular 
dynamics simulation computing time is similar to the relaxation time of the shorter string, the 
longer string will not relax in the simulation time scale, as mentioned in Sec. II. Moreover, Fig.1a 
suggests that most molecules belong to long strings (n > 5) with large relaxation times, which form 
slow mobile molecular domains. Therefore, as indicated in Sec. II, the present model does not seem 
to conflict with the simulations.  
From the fitting parameters of glycerol (see caption of Fig.2), the average number of the 
dipoles in the strings at gTT = =185K is n =69, the latter number reminding the number of 
structural units intervening in the segmental motions of polymers which is about 20-50 [26,51]. 
This value corresponds to the end-to-end vector amplitude bbnCR n 30
5/3 =≈ ~9 nm, a 
characteristic spatial size of the strings. Of course, R  will decrease with increasing temperature. 
Another length scale in the present model is the persistence length of the string ( ) 21+= nn Cba  
arising from the intra-string directional correlation (see Appendix I). In this case ban 5.5≈ ~1.6 nm 
when the string length is large enough. Furthermore, owing to both the string length distribution and 
the fluctuation of the strings distribution in space (i.e. some short strings or long strings congregate 
in space due to the fluctuation), it should be expected that the coupled strings form spatial 
correlated regions of fractal morphology in the system. Some of them will relax fast and others slow, 
which prompt us to the well-known concepts of solid-like and liquid-like clusters proposed by 
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Cohen and Grest [20]. It should also be expected that the average spatial size of the regions would 
be about R . On the other hand, the well-designed experimental measurements show that the 
heterogeneous correlation length, i.e. the average spatial size of the clusters, is about 3 to 5 nm for 
some glass-formers near the glass transition temperature [52], and the theoretical prediction 
obtained by considering thermal fluctuations within correlated volumes of cooperative regions is 
about 2 to 7 nm [53]. These results indicate that the model prediction about the average spatial size 
of the clusters R  is in an acceptable range. 
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APPENDIX I 
 First we will give the orientational partition function of an individual n-string. For a dipole has 
two orientational states, 1=σ  and 1−=σ , the total number of the orientational configurations of 
the n dipoles in the n-string is equal to n2 .  Let the energy of the ith orientational configuration be 
iE ; then the orientational partition function nQ  of the n-string is ∑
=
−=
n
i
i
TE
n eQ
2
1
. For an individual 
n+1-string, the 12 +n  total orientational configurations can be built by adding the two “up’ and 
“down” states of a dipole to each end of all the n2  configurations of the n-string, so 
( ) ( ) ( ) ( ) 12
1
2
1
1
111111 QeeQeeeeQ nTVTVn
TVTV
i
TVE
i
TVE
n
n
i
n
i +=+=+= −−
=
−−
=
+−
+ ∑∑ . For 21 =Q  we get  
( ) 1112 −− += nTVTVn eeQ                    (I1) 
Without losing generality and in the linear response regime [41,42], let us consider an n-string 
perturbed by a small enough electric field according to the following history [11,18] 
⎩⎨
⎧
≥
<=
0,0
0,0
t
tF
F                          (I2) 
As a representative case of the relaxation equation of an individual n-string we will calculate first 
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that of a straight 3-string. We firstly assume the field along the 3-string direction, also keeping the 
permanent dipole moment along that direction (the general case, forming an angle the permanent 
dipole moment with the string direction will be discussed in the latter part of this Appendix). Some 
quantities of the 3-string are shown in Table 1. 
 
Table 1 Configurations, their corresponding energies and normalized existence probabilities of a 
straight 3-string before and after applying the electric field 
Index  Configurations )0(jE  )( 0FE j  )( −∞→tq j )0( =tq j  
1 →→→ 
12V−  001 32 FV µ−− 32 1 Qe TV  ( ) 3200 131 QeTF TVµ+
2 →→← 0 
00Fµ−  31 Q  ( ) 3001 QTFµ+  
3 →←→ 
12V  0012 FV µ−−  32 1 Qe TV−  ( ) 3200 11 QeTF TV−+ µ
4 →←← 0 
00Fµ  31 Q  ( ) 3001 QTFµ−  
5 ←→→ 0 
00Fµ−  31 Q  ( ) 3001 QTFµ+  
6 ←←→ 
12V  0012 FV µ+  32 1 Qe TV−  ( ) 3200 11 QeTF TV−− µ
7 ←←→ 0 
00Fµ  31 Q  ( ) 3001 QTFµ−  
8 ←←← 
12V−  001 32 FV µ+− 32 1 Qe TV  ( ) 3200 131 QeTF TVµ−
 
In Table 1, )0(jE  and )( 0FE j  are, respectively, the energies of the jth configurations in 
absence and in presence of the electric field F. The parameter n
TE
j Qeq j
−=  is the normalized 
existence probability of the jth configuration according to the Boltzmann principle. )( −∞→tq j  
and )0( =tq j  are the values at time −∞→t  (without the field F) and 0=t , respectively.  
After suddenly switching off the electric field at time 0=t , jq  will gradually recover from 
the value of )0( =tq j  to the value of )( −∞→tq j  by transformation through different 
configurations. For a single-dipole hopping process during which only one dipole in the n-string 
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changes its orientational state during the transformation from the ith to the jth configuration, the 
transfer probability per time unit is equal to 
ji
j
EE
E
i
TV
ee
eqe −−
−
−
+
0
0ν , where TVe 00 −ν  is the jump 
probability per time unit of a dipole that by effect of the thermal fluctuation gets higher energy than 
0V  to escape from the well, the term ji
j
EE
E
ee
e
−−
−
+  indicates the redistribution probability of the 
dipole at the jth configuration after it escaped from the well (expression based upon the Boltzmann 
principle), and iq  means that the larger is the probability of the initial configuration, the higher is 
the transfer rate to the end configuration. However, for a hopping process of multi-dipoles, e.g. m 
dipoles changing simultaneously their orientational states during the transformation from one 
configuration to another, the transfer probability per time unit is equal to ( ) imTV qe 00 −ν . Since 
10 <<− TVe  [18] (see also the fitting parameters in Sec. IV), the contribution of this multi-dipole 
hopping process to the relaxation is negligible in comparison with that of the single-dipole. Based 
upon detailed mathematical calculations [54], the following rate equations describing the 
transformation between different configurations of the 3-string are obtained, 
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where ( )TVeu 1211 +=  and ( )TVev 1411 += . The fitting value of 1V  determined by comparing the 
results of the present model (Sec. IV) with those experimentally obtained for glycerol shows that 
TVe 12 >>1 in the temperature range of interest (from 185 to 400 K), so that TVeu 12−≈  and 1≈v . 
Let kp  be the probability when the kth dipole in an n-string is at the state 1=kσ  (assumed 
along the field direction without losing generality), then 43211 qqqqp +++= , 
65212 qqqqp +++= , 75313 qqqqp +++= . In this situation, the deviation kδ  of kp  from its 
 22
equilibrium value )(−∞kp  is: )()( 111 −∞−≡ ptpδ , )()( 222 −∞−≡ ptpδ  and 
)()( 333 −∞−≡ ptpδ . From Eq.I3, the rate equations for the deviations kδ  of the 3-string are, 
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
−
−−
−
−=
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢
⎣
⎡
−
3
2
1
0
3
2
1
1120
2/112/1
0121
0
δ
δ
δ
ν
δ
δ
δ
u
vv
u
e
dt
d TV            (I4) 
with the initial values: ( ) 300221 113)0( TQFee TVTV µδ −+= , ( ) 300222 11 23)0( TQFee TVTV µδ −−+=  
and ( ) 300223 113)0( TQFee TVTV µδ −+= .  
The solution of Eq.I4 is, 
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where the eigen-relaxation times for TVe 12 >>1 are 
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and ⎥⎦
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uC . For a 3-string, the 
polarization vector of the ith mode, )(tPi  (i = 1,2,3) and the total polarization )(tP  are given by 
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where iτ  is the relaxation time of the ith mode. By the same token, the two eigen-relaxation times 
for a 2-string are, 
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and the polarization vectors of both the whole string )(tP  and the ith mode )(tPi  ( i =1 ,2) are  
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For a 4-string, the four eigen-relaxation times are, 
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whereas the total polarization )(tP  and the polarization of the four modes are given by 
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Notice that the expressions for the relaxation times of Eq.I11 are given in Eq.I10. For an 
individual dipole in the double-well potential, the relaxation time is, 
TVe 010
−=ντ                                         (I12) 
whereas the polarization vector is given by, 
0
2
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T
tP t τµ −=                                    (I13) 
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In principle, we can continue the process indicated above to obtain the relaxation equations for 
an arbitrary n-string. However, the preceding results clearly show some general tendencies on the 
n-string. First, the relaxation equation of a given n-string is [54], 
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 Second, the main contribution to the relaxation strength of a given n-string comes from the 
relaxation mode associated with the longest eigen-relaxation time, called main mode hereafter. 
Compared with this mode, the contributions from the other modes (called secondary modes) are 
small, about a factor 21 n  or less, as Eqs.I6-I9 shows. 
 As expected, Eq.I14 indicates that for 01 →TV  the n dipoles in an n-string are uncorrelated, 
and all the elements of klM , except 1=kkM , are zero. In this case, the original coupled relaxation 
equations degenerate to n independent equations, each one being similar to that of an individual 
dipole. On the other hand, for ∞→TVe 1 , the matrix [ ]kkM  in Eq.I14 becomes, 
⎥⎥
⎥⎥
⎥⎥
⎥⎥
⎥
⎦
⎤
⎢⎢
⎢⎢
⎢⎢
⎢⎢
⎢
⎣
⎡
−
−−
−
−
−−
−
110000
2/112/100
02/110
012/10
0002/112/1
000011
L
LM
LMM
MMMLMMM
MML
M
L
 
which is the well-known Rouse-Zimm matrix [55]. It can be proved that the determinant of this 
matrix is zero, indicating that the smallest eigen-value is also zero and the corresponding longest 
relaxation time is infinite. In this situation, the string will not relax, as intuitively one would expect.  
 In what follows we will calculate the smallest eigen-value 2λ  of [ ]klM  corresponding to 
the relaxation time of the main mode for 112 >>TVe , a case that interests us the most in this paper. 
 25
According to the calculated results for 2- to 4-strings (Eqs.I6, I8 and I10), it is expected that 1<<λ  
and the corresponding eigen-equation is, 
0
2240000
12100
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000121
0000242
=
−−
−−−
−−
−
−−−
−−
≡
λ
λ
λ
λ
λ
λ
u
u
ekl
L
LM
LMM
MMMLMMM
MML
M
L
            
By a set of operations of ( ) 11 kkllk eee −+ , nk L1=  and nl L1= , the above equation becomes  
0
)1(2800000
122/)32(1000
010
022/5100
000122/310
0000242
=
−−
−+−−
−
+−
−+−
−−
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λ
λ
λ
λ
nu
un
u
u
u
L
LM
MLMM
MMMLMMM
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From this equation, we get )1(4 −= nuλ  and the corresponding relaxation time for the main mode 
is,  
( ) 212 )2(1010 100 −== +−− nee TVVTV νλντ                    (I15)  
The relaxation strength of the main mode obtained from the recurrence relation of Eqs.I7, I9 
and I11 for straight strings is 
T
n
F
P 20
0
)()0( µ= . This means that the direction of all dipoles in this 
mode is the same, i.e. 1=mnkσ  for nk L1=  or 1−=mnkσ  for nk L1= , and the effective electric 
dipole moment µ  of the main mode of such a straight n-string is 0µµ n=  where 0µ  is the 
permanent electric dipole moment of each molecule. For an n-string distributed in space with 
end-to-end vector amplitude )(nR , the value of µ  can be expressed as [54,56], 
bnRn E )()( µµ =                                   (I16) 
where Eµ  is the contribution of the molecular permanent dipole moment to the effective electric 
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moment of the main relaxation mode, b is the average distance between the dipoles, and according 
to the Flory-Fisher theory of the self-avoiding free rotational chain, 5/622)( nCbnR n≈  for 
nCn << , where nC  is the so-called characteristic ratio. In this latter expression, the symbol L  
denotes the average over all the spatial configurations of the n-string, 
( )
( )2cos1
cos1cos2
cos1
cos1
θ
θθ
θ
θ
−
−−−
+=
n
C
n
n  for a freely rotating chain, where θ   is the directional angle 
between consecutive molecules in the strings [39]. Moreover, it should be expected that the change 
of the end-to-end vector of strings affects less the effective electric moments of the secondary 
relaxation modes than that of the main relaxation mode, the corresponding ratio between them 
being approximately 53−n  or even less, as Eqs.I7, I9, I11 and I16 suggest. In other words, the 
contribution of the main relaxation mode to the relaxation strength is approximately n times larger 
than that of the secondary relaxation modes for large enough string lengths. 
APPENDIX II 
 For illustrative purposes, we discuss two ways to deduce the string length distribution ng  (see 
the text) for 2=z  and 2πθ = . The first is exactly based upon statistic dynamics as shown in 
what follows. Let m be the dipoles number of the system and mnh  be the probability that the 
n-string exists in the system.  As a representative case, diverse configurations for m=3 are shown in 
table 2. 
Table 2 Configurations for m=3 without considering the orientational states  
Index Configurations 
1 ⎯  ⎯  ⎯ 
2 ⎯  ⎯…⎯ 
3 ⎯…⎯  ⎯ 
4 ⎯…⎯ …⎯ 
 
where the symbol “⎯” expresses a dipole without considering its orientation states, and dot  
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symbols and blank spaces indicate, respectively, interactions and no interactions between dipoles. 
For the first configuration, the three dipoles are not correlated, so the probability of this 
configuration is proportional to 31Q . Moreover, as there are three individual dipoles in this 
configuration, the contribution to 31h , 
3
2h  and 
3
3h  is proportional to 
3
13Q , 0 and 0, respectively. 
By the same token, the probabilities of the second and third configurations are all proportional to 
21QQ , and their contributions to 
3
1h , 
3
2h  and 
3
3h  are proportional to 212 QQ , 212 QQ  and 0, 
respectively. The probability of the fourth configuration is proportional to 3Q , and its contribution 
to 31h , 
3
2h  and 
3
3h  is proportional to 0 , 0 and 3Q , respectively. So, we obtain 
3
121
3
1 32 QQQh += , 2132 2 QQh =  and 333 Qh = . These results are the same as those deduced from a 
detailed calculation method [54]. 
 Based upon the same method, the values of mnh  calculated in terms of the partition function 
nQ  are shown in table 3 for 61→=m .  
Table 3 Calculated values of mnh  as function of the partition function nQ  for 61→=m  
m
nh  n=1 n=2 n=3 n=4 n=5 n=6 
m=1 1Q       
m=2 2
12Q  2Q      
m=3 3
121 32 QQQ +  212 QQ  3Q     
m=4 
31
4
12
2
1 246 QQQQQ ++  22122 32 QQQ +  312 QQ  4Q    
m=5 
5
12
3
1
2
213
2
141
512
362
QQQ
QQQQQQ
++
++  
32
2
3
1
2
21
2
46
QQ
QQQQ
+
+ 32132 32 QQQQ +  412 QQ  5Q   
m=6 
6
12
4
1
2
2
2
13
3
1
3214
2
151
620
1212
662
QQQ
QQQQ
QQQQQQQ
++
++
++
 
2
4
1
2
2
2
1
3
2
32142
5
123
62
QQ
QQQ
QQQQQ
+
++
+
2
3
3
3
1321
2
46
Q
QQQQQ
+
+
4
2
1
42
3
2
QQ
QQ +
 
512 QQ  6Q  
 The results of Table 3 lead to the recurrence relation 
n
m
n
n
m
n
Q
h
Q
h =
+
+
+
1
1
1 , from which 
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1
1
1
+−= nmnmn hQ
Qh                (II1) 
This means that we can calculate mnh  if we only know 
mh1 . Also table 3 shows that 
mh1  can be 
written as a sum of the polynomial ∑
=
=
m
j
m
j
m Bh
1
1  where the values of 
m
jB  are given in table 4. 
 
Table 4 Values of mjB  for the polynomial of 
mh1  
1QB
m
j  j=1 j=2 j=3 j=4 j=5 j=6 
m=1 1 0 0 0 0 0 
m=2 0 
12Q  0 0 0 0 
m=3 0 
22Q  
2
13Q  0 0 0 
m=4 0 
32Q  216 QQ  
3
14Q  0 0 
m=5 0 
42Q  
2
231 36 QQQ +  22112 QQ  415Q  0 
m=6 0 
52Q  4132 66 QQQQ + 321221 1212 QQQQ + 23120 QQ  516Q  
 
From table 4, we obtain  
∑∞
=
−
−−= 1 11 i
im
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m
j BQj
jB , 2≥≥ jm                        (II2) 
Then,  
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j
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, 2≥m                  (II3) 
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where ∑
=
≡
m
j
m
j
m B
j
A
1
1  for 2≥m . From Eqs.II2-II3 we obtain ∑−
=
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1
1
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im
i
m AQA , and 
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−
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+−+ −=−
1
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1
1 2
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=
−
=
+− , These 
expressions lead to 
( ) ( ) 22121121 22 −− +=+= mmm QQQAQQA                (II4) 
From Eqs.II3 and II4 we obtain 
( ) ( )
( ) ( )
( )
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If we assume ∞→≡ mmnn hh , Eqs.I1 and II5 lead to TVTV
n
n
eeh
h
11
211 −
−
++= . For 1
1 >>TVe  and using 
the mathematic formula e
y
y
y
=⎟⎟⎠
⎞
⎜⎜⎝
⎛ +∞→
11lim , we obtain 0nnn ceh
−= , where 210 TVen = . The 
probability that a dipole belongs to an n-string in the system is nn nhg ~ , i.e. 
0
2
0
nn
n en
ng −=                                      (II6) 
which is the well-known Flory distribution function [43-44]. 
 The second way to calculate ng  for z=2 and 2πθ =  is based upon the conditional 
probability theory [57]. Let the probability of two adjacent dipoles forming a 2-string be p, 
where ( )2122 QQQp += . Then, according to the theory, the probability nh  for n adjacent dipoles 
forming an n-string is nn ph ~  and nn cnhg = , so that we obtain Eq.II6, too. However, this way 
looks indirect and somewhat unclear. 
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 For arbitrary values of z and θ, the mathematic form of ng  must give the Flory distribution 
when z=2 and 2πθ = . One possible form of ng  is the Schulz distribution [43-44]. Moreover, 
when the average string length is large enough, there exists the topologic termination effect during 
the string formation. This effect arises from the geometric character of the strings, i.e. topologic 
quasi-one-dimensional, and only the end of a string can connect with each other. If the average 
string length is large enough, the coordination dipoles of a string end may all belong to the inner 
parts of other strings, which lead to the termination of string formation. This kind of topologic 
termination reminds the termination effect during the polymerization processes, where the chain 
length distribution is described by the Schulz distribution [43-44]. Based upon the above discussion, 
the Schulz distribution of the string length seems to be appropriate.  
 As mentioned above, the string formation is restricted by both the topologic structures and the 
dynamical conditional probability, which are closely related to two factors, (1) the effective 
coordination number θsin)1( −≡ zze  because the restriction of the directional angle of the 
rotation chain causes that only part of the z coordination dipoles can form strings with a given 
dipole, and (2) the intra-string interaction 1H . By taking into account the topologic restriction in 
the course of string formation, it should be expected that the increase of ng  is proportional to both 
the number of string ends ngn  and ez , i.e. ngzgg nenn ~1 −+ . On the other hand, the 
probability related to the intra-string interaction 1H  is 01 ~ nggg nnn −−+  (it can be obtained 
from Eq.II6 by deducing the string length distribution for z=2 and 2πθ = ). By colligating these 
two aspects, it is obtained that ngcngzcgg nnenn 211 −=−+ , with 021~ nnczcn eng e −  under the 
1>>n condition , where 1c  and 2c  are constants independent of n. By recurring this formula to 
the Flory distribution for z=2 and 2πθ = , we have 11 =c  and 12 =c . Finally we get, 
( ) 0101
nn
z
e
z
n enz
ng
e
e −
++Γ=                     (II7) 
where ( )LΓ  is the Gamma function, which is just the Schulz distribution. The number average of 
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dipoles in the strings is 0
1
1
nzngn e
n
n =⎟⎠
⎞⎜⎝
⎛=
−∞
=
∑  [43-44], where n  corresponds to the maximum 
value of ng . We would like to point out that at high enough temperature, where the string length is 
very short so that the serializing approximation of n used above is invalidated, ng  deviates from 
the Schulz distribution and it looks more likely the Flory distribution.  
APPENDIX III 
 In principle, Eq.7 can be calculated numerically. However, the numerical calculations will deal 
with hundreds of coupled non-linear equations at low temperatures, so the computing time could be 
either prohibitively large or at best cumbersome. For example, at gTT = =185 K, n =69 (see the 
Sec. IV) for glycerol, a value that corresponds to the maximum value of ng , and the number of 
equations is about 700. Moreover, the convergence conditions are very strict due to the nonlinear 
dependence of )(nLτ  on n. In fact, we cannot find the numerical solutions of Eq.7 for n >10 
based upon a standard numerical calculation program. We have proceeded to the use of a variational 
calculus method to solve this problem. 
 Taking into account the physical meaning of Eq.7, we propose the mean-field for the sum in 
)(nVE  as, 
[ ] [ ][ ]γττγττ τ τττ LLLL nL Ln nnLLn enenng /)(1' )'(/)(' 1)(1)( )'( −∞= − −⎥⎦⎤⎢⎣⎡≈−∑       (III1) 
Clearly, Lτ  and γ  correspond, respectively, to the average relaxation time of the SDs and their 
distribution, and they can be obtained by variational calculus. Actually, from Eqs.III1 and Eq.7, we 
obtain the mean-field relaxation time )(nmLτ  of the SDs as 
( )[ ]
⎪⎭
⎪⎬
⎫
⎪⎩
⎪⎨
⎧ −⎥⎦
⎤⎢⎣
⎡−= − γττ
γ
τ
τττ Ll n
L
Ln
G
m
L enT
Unn )(1
)(
2exp)()(          (III2) 
Moreover, we get the approximate solution )(naLτ  of )(nLτ  from Eqs.7 and III as, 
[ ]
⎭⎬
⎫
⎩⎨
⎧ −−= ∑∞
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1'
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' 1)(
)'(2exp)()(
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T
Unn τττ
τττ      (III3) 
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The standard deviation RE  can be defined as 
2
1 )(
)(ln∑∞
=
⎥⎦
⎤⎢⎣
⎡=
n
a
L
m
L
R n
nE τ
τ , and the variational calculus 
gives 0=∂
∂+∂
∂= δγγτδτδ
R
L
L
R
R
EEE . The parameters Lτ  and γ  can be obtained from, 
⎪⎪⎩
⎪⎪⎨
⎧
=∂
∂
=∂
∂
0
0
γ
τ
R
L
R
E
E
                                     (III4) 
Eq.III4 indicates that the best expectation values of Lτ  and γ  correspond to the minimum value 
of RE .  
 Taking into account the characteristic of Eq.7 and in order to decrease the calculation errors, we 
use the following formula to determine )(nLτ , 
[ ] 2/1)()()( nnn aLmLL τττ =                            (III5) 
 Shown in the inset d of Fig.1a are )(nmLτ , )(naLτ  and )(nLτ , respectively. It can be seen that 
the variational calculus described above gives quite good solutions of the self-consistent Eq.7. 
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FIGURE CAPTIONS 
Fig.1  Shown in Fig.1a are the theoretical string length distribution ng  (Eq.5) as a function of the 
string length n at different temperatures T with 0.7=z , 1V =640 K and 9.3πθ = . The 
temperature dependence of the average string length n  is plotted in the inset (c). A 
double-logarithmic plot of the theoretical values of )(nLτ  (Eq.7) vs n at several 
temperatures with 4.150 10=ν Hz, 0V =2250 K, 0.7=z , 1V =640 K, 9.3πθ = , and 
2V =297 K are represented in Fig.1b: Shown in the inset (d) are the corresponding relaxation 
times )(nLτ ,  )(nmLτ  and )(naLτ  as functions of n at 195 K (see Appendix III).  
Fig.2 Dielectric constant and loss )(" ωχ  for the α-relaxation of glycerol are shown in the 
frequency domain, at several temperatures, in Fig.2a and Fig.2b, respectively. The solid 
curves give the theoretical response obtained from Eq.8 using the following parameters for 
the model: 2ENµ =3330 K, 4.150 10=ν Hz, 0V =2250 K, 0.7=z , 1V =640 K, 9.3πθ = , 
and 2V =297 K. The circle symbols are experimental results [11]. In the inset (c), symbols 
represent the experimental average relaxation time aτ . The dashed, dot and solid lines are 
fittings to experiments of the Vogel-Fulcher law [13]: ( )[ ]1292309exp10 8.14 −= − Taτ  
(second), the Arrhenius relation for high temperatures: ( )Ta 4700exp10 9.15−=τ  (second) 
and the present model, respectively. In the inset (d), symbols are the experimental reduced 
relaxation strength ( )∞−=∆ εεε 0TT  of the α-relaxation, and the dashed, dot and solid 
lines are fittings to experiments of the Curie-Weiss-Chamberlin (CWC) law [16]: 
 37
( )1006489 −=∆ TTT ε , the Onsager theory: ( ) 182 2020 +=∆ εµε NT  with 40 =ε  and 
the present model, respectively. 
Fig.3  A double-logarithmic plot of the dielectric loss )(" ωχ  of the α-relaxation in glycerol at 
195 K. The dot, dashed and solid lines are fittings of the Cole-Davidson law [15]: 
( )[ ]58.02.1165Re)(" ωωχ i+= , the Fourier transform of the Kohlrausch-Williams-Watts law 
[14]: ( )[ ]62.08.1exp76)( tt −=χ , and the present model to experiments, respectively. Shown 
in the inset (a) are the corresponding relaxation times )(nGτ  (Eq.3) and )(nLτ  (Eq.7) as 
functions of the string length n. The corresponding string length distribution ng  (Eq.5) vs n 
is presented in the inset (b). 
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